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This paper presents a general congruence modulo a certain power of 2 relating 
the class numbers and units of the quadratic fields whose discriminants are divisors 
of 8m, where m r 1 is a given square-free rational integer. An application of this 
congruence gives some relations between the class numbers and units of the 
quadratic fields Q(m’/*) and Q(( -m)“*). 0 IWO Academic press, hc. 
1. INTRODUCTION 
Throughout this paper we denote by m > 2 an odd, square-free, rational 
integer having r prime divisors. Hardy and Williams [2] obtained a linear 
congruence modulo 2r+2 relating the class numbers of imaginary quadratic 
fields QJ(~‘/~) with n I2m, which is a unified congruence for the congruences 
proved by Kenku [S] and by Pizer [ 12 J when r = 2. Recently, applying his 
theoretical aspect for p-adic L-functions, Gras Cl] deduced a general 
congruence relation modulo 2’+’ (0 < I< 5) between the class numbers and 
units of real and imaginary quadratic fields Q(n”‘) with n I2m. In this 
paper, through elementary transformation of Dirichlet’s class number for- 
mula in an extension of the 2-adic number field, we prove a more general 
congruence relation that is described later in this section, and indicate how 
it includes the earlier results. Using the general congruence relation, we 
also obtain some congruences for the class numbers and units of 
Q((fm)‘j2) and Q(( -fm)‘j2), wheref= 1,2. It is shown that our congruen- 
ces cover those of Hikita [4], Kaplan [S], Kaplan and Williams [6, 71, 
Kudo [9], Lang [lo], Lang and &hertz [ll], and Williams [13]. 
We shall now state our main result. For a square-free rational integer 
n # 1, let h(n) be the class number of the quadratic field C!J(~“~) when 
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12 # - 1, -3, and put h( - 1) = &, h( - 3) = f. Denote by x,, the Kronecker 
symbol corresponding to n. We define H(n) by 
log E(n) H(n) = (2 - X”(2)) h(n) - 
D(n)“’ 
if n >O, 
(1.1) 
= (1 - ~(2)) h(n) if n < 0, 
where D(n) and c(n) denote the discrimiant and the fundamental unit of 
the real quadratic field Q(n”2), and log means the 2-adic logarithm. It 
is convenient to put H( 1) = 0. We take two multiplicative arithmetic 
functions +, 0 such that Ii/(d) E B(d) s 1 (mod 2) for every d( m, and let 
@,(4= n (1-Q)) Pld 
p : prime 
for every d\ m. Put E = ( 1, - 1,2, - 2 ). We introduce the sums 
H: (m, +, 0) (e E E) expressible as 
ff: Cm, +, 0) 
= ,z,, +(4 We4 Jld (1 - ifed 0)) + I(e) 
d= 1 (mod 4) p : prime 
= ,z,m W)H(-4 n (l-~db)W)) 
PImId 
ds I (mod 4) p : prime 
H; Cm, $, 0) 
if e >O, 
if e CO, 
= ,z,, t44H(-4 fl (l-X-rd(P)@(P)P) 
PImId 
if e > 0, 
dE-l(mod4) p : prime 
= o<:,, +td) H(ed) pz,d t1 -xedb) e(P)P) + Ite) if e CO, 
d= 1 (mod4) p: prime 
where Z(e) = -Q&m) H(e) if e # 1 and 
4 1) = 3 1 O(P) @dm/p) hp. 
Plm 
p: prime 
We shall establish that 
eFE (x,H+(m $, 0) +y,H-(m, $, 0)) =O (mod 2’+‘) (1.2) 
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for given 2-adic integers x,, y,, where 1, 0 <I < 5, is a rational integer 
determined dependently only upon x,, y,. In particular, (1,2) is valid 
modulo 2’+ ’ if X, =y, = lel/e. For example, in the case that m =p - 1 
(mod 8) is a prime and $(p) = B(p) = 1, (1.2) gives the congruence 
~(p)+fwP)-~(-P)-fw2P)=(3(P-1)-~ogP)/2 (mod 64). 
In the following, for a positive integer s E Z, we adopt the notations 
to mean a product (a sum) taken over the primes p dividing S, a sum taken 
over the integers a E Z such that 1 6 a d s and (a, s) = 1, respectively. 
2. CLASS NUMBER FORMULAS 
In this section we are concerned with classical formulas for class num- 
bers of quadratic fields. 
For any rational integer n > 0, [, E C denotes a primitive nth root of 
unity. Let x be a primitive Dirichlet character modulo II with values in @. 
The Gauss sum S(x, 5,) is defined by 
S(x, in) = i x(a) i,“. 
0=l 
It is known that 
S(x, r:, =x-Q) S(x, in) (2.1) 
for every b E Z, and 
S(x, i,,i”,) = S(x19 5,,) S(x29 Cn,) (2.2) 
if n=n,nz, (n,, nz) = 1, and x =x,x2, with xi a Dirichlet character modulo 
nj (i= 1,2). 
LEMMA 1. Ifn>l then one has 
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Proof: By easy calculation we see 
Thus the lemma follows from (2.1). 
For a given rational integer n such that n # t2 for any t E Z, we denote 
by x, the Kronecker symbol corresponding to the quadratic field Q(n”*), 
and define h(n) by 
2h’(n) 
h(n) = -, 
w(n) 
where h’(n) is the class number of Q(n”2) and w(n) denotes the number of 
roots of unity in this field. 
Let D be the discriminant of a quadratic field Q(D”*), and put d = ) D I. 
The Kronecker symbol xD is a primitive Dirichlet character modulo d, and 
x0 is even or odd according as D > 0 or D < 0. We recall that for any prime 
p not dividing D 




if p #2, 
P 
where (:) means the Legendre-Jacobi symbol. One knows that 
&,, L) = D1’2 (2.3) 
with cd = cos (2n/d) + i sin (271/d). 
If D > 0, we denote by E(D) > 1 the fundamental unit of Q(D’/‘). Let us 
now recall the following class number formulas due to Dirichlet: 
D-l 
E(D)- 2h(D)= n (1 - &)XD’“) if D > 0, (2.4) 
Cl=1 
h(D)= - ‘d ; x&a) a if D ~0. (2.5) 
o=l 
From now on the algebraic closure 0 c C of Q is assumed to be 
contained in an algebraic closure a2 of the 2-adic number field Q,. By 
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log =log, we denote the 2-adic logarithm. In the case D> 0, (2.1), (2.3) 
and (2.4) imply 
S(XD, i/J) D-1 
D o;l ida) log(l - l;) = -ND) 59. (2.6) 
It is convenient to put 
Lf(rl)=Wl-‘I), L-((+=I 1-V 
for any q E &hz, q # 1. We further define h(D) as follows: 
h(D) = 2h(D) w if D > 0, 
= h(D) if D < 0. 
LEMMA 2. With the notation and assumptions as above, 
_ %hJ~ Lf) d-1 d a;l xkW’(i:)=f@) if +D>O, 
=o lj- +D<O. 
ProoJ: The formulas for h(D) follow immediately from Lemma 1, (2.5), 
and (2.6). The others are obvious because 
for any root rj # 1 of unity. 
In the following we denote ‘by r(n) the number of prime divisors of a 
positive rational integer n. Then the Moebius function p is expressible as 
p(n) = ( - 1)““) 
when n is square-free. 
LEMMA 3. Let x be a Dirichlet character modulo n > 1 and let s > 0 be 
a square-free rational integer with (s, n) = 1. Suppose C,, = c,,[,. Then 
ag; x(a) L*K:,)=g (X’(P)- I$; x(b) L’(i:), 
where x’(p) =x-‘(p), x-(p) = x-‘(p)p for every prime p Is. 
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Proof. We prove the lemma by induction on T(S). Let q be a prime 
dividing s. We put t = s/q, 4, = [“,, q, = [% and v,,, = <l, = q,,q,. It is easily 
seen that 
for any 4 E Qz, [” # 1. Using these formulas we compute 
u=l a=1 C=O u=l 
=x(q)(x’(q)- 1) gr X(Q) L’(G). 
It follows from the inductive hypothesis that 
This completes the proof. 
3. LINEAR CONGRUENCE RELATIONS 
It is the purpose of this section to prove our main result, namely a linear 
congruence relation between the numbers H(n) with n ( 2m. In what follows 
we suppose that 5,, = i,i, for any positive divisors s, t of 8m with (s, t) = 1. 
Let E= (1, -1, 2, -2). For any eEEand any 5~0~ (except <= +1 if 
e= 1) we define K’(c) as 
K’(5)= -;(Lq)-L*(-<)) if e= 1, 
where f= ) e 1. It is not difficult to see that 
K:(r)= -c=+(t)-L+(5*))/2, K,(l)= -(L-(5)-L-(5*)). 
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For any divisor n # 1 of 2m, we introduce the number H(n) defined as in 
(1.1); namely 
H(n) = (1 - Xn(2) 2 -1) QD(n)) if n >O, 
= Cl- Xn(2)) h(n) if II < 0, 
where D(n) is the discriminant of O(rz”*). 
LEMMA 4. For any e E E and any divisors c, d > 0 of m with d( c, let 
whereD=(-1) (d- “I* d and x, is considered to be the trivial character. Then 
R,i(c, 4 = WeD) n L&(P) - 1) if keD>OandeD#l, 
plcld 
=o if feD c 0, 
where ~,'D(P)=x,~(P), ~;dp)=~Ap)p for every prime PI@ hforeover 
R:(c, l)= -(logc)/2 ifr(c)=l and R:(c, l)=O ifr(c)>l. 
Proof: If d # 1 then by Lemma 3 one has 
R;(c,d)=S(Xn& cd) ;’ MWC%b,) n (xD’(p)- 1). 
b=l plcld 
Hence, when e = 1 and d # 1, the assertion is a consequence of Lemma 2. 
It is easy to see that 
R;(c,l)= &([F)=$ $log(l-[;)=-(logc)/2 if r(c)= 1, 
b=l b=l 
=o if r(c)> 1, 
R;(c, I)= i-X:)= -b$; (j&+,)=0- 
6=1 ‘ ‘ 
In the case e # 1, applying (2.2) and Lemma 3 we compute 
R”(c d) = _ s(xev c4,) ‘%b id) 
e 1 
4fd u=l 651 
= _ am 54/d) 4fcf 
4fd C x,,(a) L’(C&) 
a=1 
In this case the assertion is also seen from Lemma 2. 
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Let II/, 8 be multiplicative arithmetic functions with values in 0, such 
that $(d) = 8(d) = 1 (mod 2) for every divisor d of m. We denote by 8-~’ an 
arithmetic function satisfying 8 -l(d) = B(d) ’ for every divisor d of m. We 
show a formula about the function as defined by 
@‘e(d)=n (1 -R-J)). 
P I d 
If x is a multiplicative arithmetic function, then 
c O(t) @&lf) n (1 -X(P)) Octl., Pll 
=0(s) 1 n W’(P)-1)~(1-X(PH 
O<fl.S pl’/r Pll 
=wn {(e--‘(P)-l)+(l--x(P))} 
P I .v 
=n (1 -X(P)NP)) (3.1 1 
P I s 
for any divisor s > 0 of m. For any divisor c > 0 of m and any b E Z, we 
introduce the product Fc, $(b) defined by 
F,,,,(b) = n PI< “‘“‘,’ “) $(p) Mb) - 1) 
where P = ( - 1 )(p-- r)” p. For each e E E let 
(3.2) 
with 1 <cl m. We define the sums H”(m, $, 19) (eE E) by 
H’(m, I+!I, O)= c e(c) @@(m/c) H’(c, @I~‘). (3.3) 
I <clrn 
We shall prove that the above sums are expressible as in Section 1. 
LEMMA 5. Let the notation and assumptions be as above. Then 
HTh11/9Q= ,z,m vQ(d)H(d) 
ds I (mod4) 
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dz - 1 (mod 4) 
dz I (mod4) 
ds -I (mod4) 
d= ~ 1 (mod 4) 
K,(m, $, e)= 
d= 1 (mod 4) 
H;(m, $7 e)= c 1 <dJrn 
ds -I (mod 4) 
K,(m, $, e) = oz,m W)H(-24 n 1 - p,m,d( 
dr 1 (mod 4) 
ProoJ The formula (2.2) implies 
H’(c,IC/)= if c 
b=l Ocdlc 
Here x0 and R’(c, d) are defined as in Lemma 4. Note that _+eD > 0 if 
and only if d E &-f/e (mod 4) with f = 1 e ( . By Lemma 4 one sees that 
H:(c, v+)= ,cc,,, WWW)p;dU -i&,(P))+Jf(C), 
dz +I (mod4) 
where J’(c)= (log c)/2 if r(c)= 1, J+(c)=0 otherwise and J-(c)=0, and 
that 
H'(c,IC/)= ,,c,, ti(4Wk.M) n ('-&d(P)) 
d= +o(&d4) 
P I c,/d 
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where the sum involving c is taken over the divisors c of m which are 
divisible by d. Similarly we get 
d=fo(mod4) 
‘,,F;,, e(c) @dmk) n (1-&d(p)) 
PlC/d 
for any e#l. Herein K$(l)=H(+f) if fo=l and K’(l)=0 if 
&- (T = - 1. Putting s = m/d and t = c/d we apply (3.1) to the right-hand 
sides of the above formulas to obtain that 
e-l(d) c @(c)@oh/c) n &x:fd(P))= n (l-&d(/‘)@p)). 
dlcim Plcld PImId 
This proves the lemma. 
The following lemma is fundamental for the proof of our main theorem. 
LEMMA 6. Let < # 1 be an m th root of unity, and put 
@5 
w’=m 
with CI = f 1. Then 
K,(5)= f (-2ay My’. 
k=O 
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Proof: We first note that w, are integers in Qa,. Put /? = 1 or 




We next let q = cos(rr/4) + i sin(rc/4) = (1 + i)/2”‘. Then q3 = --q-l, 
ye’= -q, q7 = q-l and v] + q-l = (2~)“~. Hence we have 
K;(()= -q (L+(15)+aL+(?-‘5)-L+(-r15)-aL+(-Y1-’r)) 
= -~{10g(1-(2~)“*5+~~*)-10g(1+(2a)”*~+aC*)} 
= @P -4log 
( 
1 - (2a)“2 aw, 
1 + (2cr)“2 c(w, ) 
=k;o “zy:;“, 
K;(F) = - @‘)“* 8 {L~(r15)-~~(-vr5)+a(L-(11-‘5)-L-(-rl-l~)) 
= (2@.)“* 215 w15 _-- - 
4 ( 1 -g*+a 1 +it* ) 
-a5(1 -a<*) =- 
1+5” 
= 1 +y2 = f (-2u)k wy. 
bl k=O 
Thus the lemma has been proved. 
We intend to find congruence relations between K:(r) (eE E), where 
C;#l, t”=l. Put w,=w,(t)=at/(l+at*) with a=+1 as in Lemma6. 
Since wi + WC I 3 0 (mod 2) for every i 2 0, one can define 2-adic integers 
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-2k+’ (2kX-, +x-,+(2k+ l)yz}. ‘2ki I - 
Suppose x,, y,(e E E) are not all zero, and denote by 2’ the highest power 
of 2 dividing zi for every ia0. From the above calculation we see that 
1 (x,K,+(t)+y,K;(5))~0 (mod2’). 
ecE 
We now assume r > 6. Since 
(3.4) 
Sz,-2z,+z,-32~~ (mod 64), 
8(2z, - z3) - 2(2z, - z5) + 22, -z, = 32x, (mod 64), 
we get x2 E x_~ z 0 (mod 2). Next z, = 2z, - z7 = 0 (mod 64) implies 
that y,ry-,EO(mod2) and x-,-y,rx,-yP,rO(mod4). Hence 
z,=Sx-,=O(mod16), 2z,-z,=Sx,~O(mod16), and so x1=x_,= 
0 (mod 2). Observing that z1 = 0 (mod 4) and z0 = 0 (mod 2), we finally see 
that x,, yp are all even. On the other hand, if x1 =x2 =y, =y2 = 1 and 
~-~=x-~=y-~=y-~= -1, one has r>5. 
Taking the above argument into consideration we state the following 
LEMMA 7. Let 5 be as in Lemma 6. For any 2-adic integers x,, y,(eE E) 
it holds that 
~~~(x,K,‘(r)+y,K,(~))~O (mod2’), 
where 2’ is the greatest common divisor of zi (0 < i < 6) and 32. 
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ProoJ: Clearly z, G zS E 0 (mod 16) and zj = 0 (mod 32) for all ja 9. If 
z5 E z6 E 0 (mod 32), then it is easily seen that z, = zS 3 0 (mod 32). Thus 
1 <z and the lemma follows from (3.4). 
We are now ready to state our main theorem. 
THEOREM 1. Let m be an odd, square-free, rational integer having r 
prime divisors, and let I/J, 8 be multiplicative arithmetic functions such that 
$(d) = 0(d) = 1 (mod 2) for any divisor d\ m. Then 
JE txJC+ h A 0) +y,H;tm II/, 0)) = 0 (mod 2r+‘) (3.5) 
for any 2-adic integers x,, ye (e E E ), where 2’ is the greatest common divisor 




s,=8xp, +4x-, + 12y,, 
s4= 16(x, +x-,)+4(x,+x-,)- 12(y,+y_,), 
~5 = f-W-2 +Y,), 
s,=~(x,+x-,-y,-y-1). 
s, = 32. 
Proof: For any prime p dividing m and for any b E Z not divisible by 
p, it holds that 
1 stxp, i,) xi@) $(P) - 1s 1+ i, + 
P 
. . . +p&Lo (mod 2) 
with p~(-l)(P-‘)/~ p. This shows that F,,,(b) = 0 (mod 2”“)) if (6, c) = 1. 
On the other hand Qe(m/c) r0 (mod 2’-““). Hence by the definitions 
(3.2), (3.3) we can write 
m-- 1 
with 
where b = a/(a, m) and c = m/(a, m). It is easy to check that si = zi (mod 32) 
for every i, 0 < id 6. Hence the theorem is deduced from Lemma 7. 
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We next give a suppliment of Theorem 1. Let I/I, 8 be as above. If a 
divisor d of m satisfies d = 7 (mod 8), then the class number h( -d) does 
not appear in the congruence (3.5) in Theorem 1 because H( -d) = 
(l-xPd(2))h(-d)=O. So we define 
with 
fi;(c, $0-l) = - it F,,,, 
h=l 
LEMMA 8. With the notation as above 
tf;-(m, $, 0) = c Il/td) 4-d) 
(3.6) 
1 <d,rn 
d- -1 (mod41 
+k 
{ 
@&l-n (1 -@P)P) . 
Plm I 
Proof. It follows from Lemmas 3,4 that 
ii;-@, t+h-‘)= - c p(c/d) I@- ‘(d) ‘(‘n; “I 
I <dl‘, 
b=l h=l 





for any divisor c > 1 of m, where D = ( - 1 )‘dP 1)‘2 d and cp means the Euler 
function. Hence 
n;(m,+,e)= 1 $td)e-‘(d)h(-4 
l<dlrn 
d- ~ I (mod 4) 
x C et4 @dmlc) n (1 -x-- ,(P)P) 
dlrlm PIL.ld 
-f { C 
O<clrn 
W) @dm/c) n (1 -p)- @0(m)). 
PI< 
Applying (3.1) to the above we obtain the lemma. 
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Since QO(m/c) FC,lLs- l(b) E 0 (mod 2’) for any b E Z, (6, c) = 1, the follow- 
ing assertion is seen immediately from the definition (3.6). 
THEOREM 2. Let m, $, 0 be as in Theorem 1. Then 
A;(m, *, 6)rO (mod 2’). (3.7) 
We remark that the congruence (3.7) is equivalent to Gras’s [l, 
Theorbme (1.3), (co)] in the case that tj = p and O(p) =p- ’ for every prime 
Plm. 
In the rest of this section we shall show that our general congruence (3.5) 
in Theorem 1 includes those of Gras [ 1 ] and Hardy and Williams [Z]. We 
know e(2)= 1 +o with w=2 ‘/* Let a, b be the rational integers such that . 
a+8bo=(17+12ce)2=(1+m)8. 
It is easy to see a = 172 E 1 (mod 32) and b = 19 (mod 32). Hence 
Let Iz be an arithmetic function such that I(p) =p-l for any prime pJm. 
The sums A, A, B. B, X, z, Y, F in Cl] are expressible as 
A = HIl(w P, A) + @n(m)/2, A= H;h p, A), 
B = H12(m, CL, A) + @Am), B=H;(m, p, A), 
X= H:(m, P, A)- @Am) dm)/2, I= H+,(m, p, A), 
Y= H:(m, P, 2) + Q,(m) H(2), p= Ht2(m, p, A), 
where 
1% P a(m)= C - 
plmP- 1’ 
Let a, ti, 6, 6, X, X, y, j be 2-adic integers such that 







(mod 2’+’ +“), (3.8) 
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where 2’ is the greatest common divisor of the following seven integers: 
r,=a+r;+?c+y, t,=h+6+2(x+x)-(?,+y), 
1, = 2(h + j) - 4(x - y), t,=4(x+.u+y+y), 
t5 = 8(x + y), t6 = 8(x + 2). t, = 16. 
We claim that (3.8) can be reproved from (3.5). In fact, in the case that 
I/J=~ and 8=A, putting y-,=a, y,=G, yp,=h, y2=h, x,=x, .uL,=.I, 
x2 = y and x _ z = J we can rewrite (3.5) as 
@dm) 
=+(a+2b-a(m)x+38y) - (mod 2’+‘). 
Note that s0 =0 in this case. We first conclude that I= I’+ 1 because 
si= 2t, (i= 1, 7), s2= 2(3t, + t4- f6), and 
s3 z 2(3t, - t, + f, + t6) (mod 32), 
s‘j = 2( lot, + 3rd - 3t6) (mod 32), 
sg 55 2(2t, + ts) (mod 32), 
s/j = 2( - 4t, + t6) (mod 32), 
2t, = - 3s2 + s‘j (mod 32), 
2t, = 2s, + sj + sq - sg (mod 32), 
2t,r -2s,+s,+s, (mod 32), 
2t, ZE 4s, + 2s, + 2s, + s* (mod 32), 
2t, = 4s, + 4s, + sfj (mod 32). 




- 4@,(m)(4a + 3b + 2x + 5y) (mod 2’+ 5, 
= Qi(m)(16s, - 8s, - 2s, + s3 + 2s, - sg) (mod 2’+ 5, 
E 0 (mod 2rf’). 
This proves the claim. 
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To describe a result in [2] we need the products c,(m, d) (1 < i < 4, 
0 < d(m) expressible as 
Hardy and Williams [2] obtained 
,z,, {cl(m,d)h(-d)+c2(m,d)h(-2d)) 
ds 1 (mod 4) 
+ oz,, {c3(m,d)h(-d)+c4(m,d)h(-2d)} 
d- - l(mod 4) 
+(-l)‘(p(m)/2=0 (mod 2’+2). (3.9) 
We remark that the terms c,(m), c6(m) in [2] do not appear in (3.9) 
because we adopt the notation h( - 1) = $, h( -3) = 4. We put y; = - 1, 
~L~=(--l/m), Y;= -(2/m), and yL2 = (-2/m). With our notation the 
congruence (3.9) can be rewritten as 
4fi;(m,&A)+ 1 y:H;(m,px2,A)=0 (mod 2r+2) (3.10) 
e.ZE 
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because xPz(d) = x2(d) for d E 1 (mod 4), and 
Since I = 2 in Theorem 1 when x, = 0, yE = y:, (e E E), (3.10) is also derived 
from Theorems 1, 2. 
4. CONGRUENCES FOR Two CLASS NUMBERS 
In this section, applying Theorem 1 we obtain some congruence relations 
between the class numbers and units of the quadratic fields C?((j”)“*) and 
Q( -.fm)‘12) with f= 1, 2. 
As in the previous section we take two multiplicative arithmetic func- 
tions +, 13 satisfying t&d) z B(d) z 1 (mod 2) for any dl m. In the following 
we let f= 1, 2. 
Letting .x~.= x-,.= - 1, yf=y-,-= 1, and the other coefficients be all zero 
in Thereom 1, we derive 
ffj (m, $, 0) + HII@, $, 0) - fff(m, rl/, 0) - H+,(m, $, 0) = 0 
(mod 2’+3). (4.1) 
When xr= x-,.= y,= ye,= 1 and the other coefficients are all zero, 
Theorem 1 ensures the congruence 
Hj(m, II/, W+HI,f(m,$, O)+Hf(m, $,O)+HTf(m, $,O)=O 
(mod 2’+“). (4.2) 
Theorem 1 also yields that 
H: (m, \I/, 0) + H’f(m, $, 0) z 0 (mod 2’+ ’ ). (4.3 1 
Using (4.3) in the case that B(d) = 1 for every d( m, one can show by induc- 
tion on r that 
H(-fm)=N(fm)zO (mod 2r+6), (4.4) 
where 6 = 1 or 0 according as every prime p I m satisfies p = +_ 1 (mod 8 ) or 
not, because 1 - ( -f/p) p = 0 (mod 8), log p = 0 (mod 8), and 1 - (2/p) = 0 
for any prime p = &- 1 (mod 8). 
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We apply (4.1) and (4.2) to the case r= 1. Let p be an odd prime and 
I,@) = 13(p) = 1. Appealing Lemma 5 we have 
H;(p)+Hl,(p)=H(-p)+H(-1) 
( r’) 17 
l- p p 
K(p)+E,(p)=H(-2p)+H(-2) 
( r’) >? 
l- p p 
1% P 
H:(P)+~+,(p)=~(P)+~~ 
H:(p)+H’,(p)=H(2p)+H(2) 1- 2 
( 6)) 




= -f(p-(?))(p-3($)) (mod 32). 
Therefore (4.1) and (4.2) lead to the following result. 
THEOREM 3. Let p be an odd prime. Then 
6) W-P~-WPJ=~(P-(~))(P-~(~)) (mod 161, 
(ii) H(P)+H(P)qP-($)) (mod 8 1, 
(iii) H(-2p)-H(B)-c)((+)p-3)+2 (mod 16), 
(iv) W-Zp)+H(2p)z@(($)p+3)+4 (mod 8). 
From now on, for simplicity we suppose $(d) = B(d) = 1 for every dJ m. 
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From the definition (3.3) it is seen that for any e E E 
The assertion for f= 2 in the following lemma is equivalent to Hikita’s 
result [4, Lemmas 5, 61. 
LEMMA 9. Let o be a multiplicative arithmetic function such that 
o(d) E 1 (mod 2) for any divisor d of m, and assume that ever-y prime p 
dividing m satisfies p s 1 (mod 4). 
(i) For any divisor c > 1 of m, 
= c (1 -w(p)){Hf+(c/p, $)+Hf+(c/p, $x,1} (mod 2’(“)+2) if r(c)> 1, 
P I 1’ 
= (1 -dc))(f -x,.(2)) (mod 8) if r(c) = 1. 
(ii) When r>1,H:(m,II/)+H;(m,~Xz)~O(mod2’+2). 
Proof. By simple computation we get 
F<:,(b) + F,:,,(b) 
=y, (Spxp(b) In/- 1) 
+ n US,xpW $(P) - 1) + (1 -O(P))) 
PI< 
(mod 2’(“)+ ’ ) 
= , ;,c F,.,,,(b) n (1 -O(P)) 
PIS 
(mod 2”‘)+ ‘) 
for any b E Z, (b, c) = 1, where S, = S(x,, i,)/p. By Lemma 7 we have 
I$?([:) + K_i,((,b) = 0 (mod 2). Hence 
= 1 1’ F,.,s,&)Wtf (i:) + Kf,(i:)) n (1 -o(p)) I <.\I< h= I P I.\ 
(mod 2’(“‘+ 2). 
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Since p - 1 (mod 4) for any prime pJ m, it follows from Lemma 5 that 
HTf(c, $)= Hf,(c, $o)=O. As was seen in the proof of Lemma 5, 
=h) c 4+(d) H(d) n (1 -Xd(P)) +J(c) when f= 1, 
1 <dl’/S PIrId 
= ,ds) c @td) H(2d) fl (l - hd(p)) when f=2, 
O<dlL./s a I 4d 
where J(c)= (log c)/2 or J(c) =0 according as r(c)= 1 or T(C) > 1. 
Applying this formula, by (4.4) we obtain 
b=l 
(mod 2”‘)). 
This implies that 
When Y(C) > 1, we compute 
= ,;; (+F,,,~,(Q - F,,,,dWC~~C~:,p,, + K:fK:,p), 
= + W,?C/P, ‘hp) + ffff(clp, It/x,)) 
- &WP, $I+ ff~Y~:/(c/~, $1) 
- H,%/P, $I+ H,Wp, kc,) (mod 2’(‘) + ‘). 
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To obtain the last congruence we have recalled (4.3) and the fact that 
HTf(c/p. I)) = Hf,(c/p, $x,) = 0. In the case r(c) = 1, one has 
H,+(c,II/)+&%Cl/o)=(l -o(c)) if (K:(i:)+Kr,.(if)) 
h= I 
= (1 -o(c))J,(c) (mod 8 h 
where J,(c)= (log c)/2 and J2(c)= 1 -x2(c). It is obvious that 
J,(c) = 1 -x,.(2) (mod 4). Hence (i) has been proved. 
We next see from (i) that 
H/%9 bwqw> Il/xz)= 1 Q(P,, -7Pr) (mod 2r+2) 
(PI . . . . . Pr) 
with 
fm,, . . ..p.)=(l -X2(P,))(l -x,,(2)) n (1 -Xp,(P!+1))~ 
r=l 
where the sum is taken over all r-tuples (p,, . . . . p,) of distinct prime 
divisors of m =pl .--p,. By the quadratic reciprocity law we get 
Q(p,, . . . . p,) = Q(p,, . . . . pl). This shows that 
H;(m, $)+Hf(m, $x2)--2 C Wp,, . . ..pr)=O (mod 2r+2). 
(PI. . . . Pr) 
PI>P, 
Thus the proof is complete. 
Let II be a multiplicative arithmetic function such that j*(d) =d-’ for 
any dim. Clearly lx-,(d)- 1 (mod2 2 +“), where 6 = 1 or 0 according 
as dr f 1 (mod 8) or not. Observing (4.4) we therefore obtain 
H’(rn,~I--‘X_,)=H’(rn,~) (mod2’+‘+6) for any egE. We put 
@(d) = Q,,-,(d). Then 
Q(d) = 0 (mod 2”‘dl+“) (4.5) 
if d( m, where y denotes the number of prime divisors q of d satisfying 
q= +l (mod8). By (4.3), H/r(c, $)+H:f(c,Il/)zO (mod2”“‘+‘) for any 
c I m. Hence we see from (3.3) that 
Hy (m, rl/, Ax - ,I + ff:Jm, IL, Ax ,I 
~~;(rn,~R~*~_,)+H~,.(rn,I1/%~‘~..,) 
=H;(m, ICI)+ Kf(m, I//) (mod 2” ‘). (4.6 1 
Remark that (4.6) is valid modulo 2’+ 3 when every prime p ) m is congruent 
to + 1 modulo 8. 
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THEOREM 4. Let m > 2 be an odd, square-free, rational integer having r 
prime divisors and let f = 1, 2. 
(i) We have 
H( -fm) = +(fm) (mod 2’+ ’ + ‘), 
where 6 = 1 or 0 according as any prime p dividing m satisfies p E + 1 
(mod 8) or not. 
(ii) Zf there is a prime divisor q zz 5 (mod 8) of m and ifp E 1 (mod 8) 
for any prime p dividing m/q, then 
H(-m)=H(m) (mod 2’+ *). 
(iii) Zfp s 1 (mod 4) for any prime p dividing m, then 
H( -2m)r - f H(2m) 
0 
(mod 2’+*)., 
(iv) Ifp G f 1 (mod 16) for any prime p dividing m, then 
H( -fm) = ZZ(fm) (mod 2’ + 3). 
ProojI We prove all the assertions in the theorem by induction on r. 
Let p be an odd prime. It follows from Theorem 3 that 
w -fP) - H(fP) (mod 8), 
H(-fp)+H(fp)=O (mod 8) if p= +l (mod8), 
3 4 (mod 8) if p= +3 (mod 8), 
ff( -fP) = H(fP) (mod 16) if p- +l (mod 16). 
Hence the assertions are true in the case r = 1. Suppose r 2 2 in the follow- 
ing. Combinating (4.1) and (4.2) with (4.6) we have 
H~(m,~,1X-l)+H_f(m,ICI,~x-1)f(Hr+(m,rl/)+H’~(m,ICI))rO 
(mod 2’+*). 
On the other hand Lemma 5 enables us to describe 
=-i@(m)+ 1 (H(-d)iH(d))pid(l-o) if f=l, 
l<dlrn 
= -Q(m)+ C (H(-2d)+H(2d))pzd(I--($)) if f=2 
O<dJrn 
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It is seen from (4.5) that Q(m) z 0 (mod 2r+2) and Q(m)/2 = 0 (mod 2’+‘) 
ifps +_l (mod8) for any primeplm. Further H(-2)&H(2)-0 (mod2) 
and 1 - (2/p) = 0 for any prime p = *l (mod 8). Hence by the inductive 
hypothesis we derive (i). 
We next assume that every prime divisor p of m satislies p z 1 (mod 4). 
Applying (4.1) (4.6) and Lemma 9 we get 
H~f(m,II/,~X~,)+H:(m,~X*)~O (mod 2’+ ‘). 
because H,: (m, +, 2~ ~ ,) = H; (m, \c/) = HZf(m, $) = 0 in this case. Since 
H( - 2) + H(2) = 0 (mod 4) Lemma 5 gives 
=G.f(m)+ 1 (H(-,)+(~)H(.td))~~,~(l-(~) 
1 <dlrn I 
(mod 2’+‘), 
where G,(m) = - G(m)/2 and G,(m) = 0. If there is at most one prime q 1 m 
such that q= 5 (mod 8), then Q(m)/2 -0 (mod 2’t2) by (4.5). Therefore 
(ii), (iii), are valid by the inductive hypothesis. 
We finally treat the case that p = + 1 (mod 16) for any prime p I m. Using 
Lemma 5 and (4.1), and observing the remark after (4.6) we have 
The assertion (iv) is also proved from the inductive hypothesis. 
Remark. Kudo [9] proved that H( -fm)= H(fm) (mod 8) for m > 3. 
Our results include this congruence because by Theorem 3 one has 
H( -fp) 3 H(fp) (mod 8) for any odd prime p. 
In what follows, c(fm)> 1 denotes the fundamental unit of 
K = Q((fm)‘j2) and N(a) means the norm of an integer c( in K. To describe 
our congruences in theorems 3, 4 in terms of rational integers we 
investigate the value log c(fm) modulo a suitable power of 2. Let 
c(m) = (to + u,m1’2)/2 with t,, q, E Z. We write 
q(m) = E(m)g = T+ Urn’/* 
&(2m) = r-t u(2m)“’ 
MI ‘34%IO 
(4.7 1 
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with T, 17, t, UEZ, where g=3 if mr5(mod8) and t,zq,-1 (mod2), 
and g = 1 otherwise. It is easy to check that 
T = t0/2, u = u,/2 if g= 1, 
T= t,,(t; - 3N(c(m)))/2, u = ug( t; - N(&(rn)))/2 if g=3. 
By Gauss’ genus theory one knows that 
h(fm)r0(mod2’P2) if f=l,m=l (mod4),andrk2, 
=O (mod 2’-‘) otherwise. (4.8) 
When p E 1 (mod 4) for any prime p dividing m, we can write fm = a2 + b* 
with a, b E Z, (a, 6) = 1. Since a2 -fm = -b2, there is an ideal A of K such 
that A2 = (a + (fm)"'). If N(c(fm)) = 1 then the order of the narrow ideal 
class represented by A is 4 because N(a + (fm)"') = - b2 is negative. 
Hence, in this case, it is seen by Gauss’ genus theory (cf. [3, Chap. 26.81) 
that 
h(m) E 0 (mod 2’-‘), h(2m) - 0 (mod 2’). (4.9) 
It is known that (4.9) is always true when N(.s(fm)) = - 1. 
We first suppose m = 1 (mod 4). If N(q(m)) = T2 - U2m = 1 then T is 
odd and U = 0 (mod 4) and 
log q(m) = $ log( T2 + U2m + 2TUm’j’) 
=$log (1+2U(Um+ Tm”‘)) 
= U(Um + Tm”‘) - U2(Um + Tm1/2)2 (mod 32) 
E Turn’/’ (mod 32). 
In the case N(q(m))= - 1, using Tr U+ 1~0 (mod 2) we compute 
logq(m)=$log(l+2T(T+Um’/2)) 
3 T(T+ Urn”*)- T2(T+ Um112)’ (mod 16) 
z TUm’I’ (mod 16). 
Therefore by (4.8) and (4.9) we have 
*(m)=(2-(i))h(m)w 
gTUh(m) (mod 2’+ 3). 
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This presents the congruence H(m) = + TUh(m) (mod 2’+ 2, because 
TUh(m) 5 0 (mod 2’). 
We next suppose m z - 1 (mod 4). One knows N(c(m))= 1. If 
Tr 1 (mod 2), then U z 0 (mod 4) and, as in the previous case, 
log E(m) E TUm’/’ (mod 32). When T= U+ 1 E 0 (mod 2) we get 
log E(m) = $log( ---E(m)‘) 
=$log(l -2T(T+ Um*“))r -TUm”’ (mod 16). 
The above computation and (4.8) imply that 
Z-Z(m) = h(m) @$$-(-l)‘TUh(m) (mod 2r+3). 
Regarding the unit c(2m) = t + u(2m) l” it is seen that t is odd and u is even 
or odd according as N(a(2m)) = 1 or - 1. Put M= 2mu+ t(2m)“‘. If 
N(c(2m)) = 1 then 
log c(2m) = + log( 1 + 2uM) = uM - u2M2 
= tu(2m)1/2 (mod 16(2m)““). 
In the case N(E(2m)) = - 1, observing m s 1 (mod 4) we compute 
log E(2m) 
= 4 log( 1 - 2uM) E - (UM + U2M2 + 2#4@) (mod 8(2m)“2) 
= - (tu + 4mtu3)(2m)“’ 
- 2mu2( 1 + 2mu2 + t2 + 4mu2t4) (mod 8(2m)‘12) 
= - (tu + 4)(2m)‘!’ (mod 8(2m)“‘). 
Thus from (4.8) and (4.9) we obtain 
log e( 2m) 
ff@m) = Wm) c2mjl,2 
= tuh( 2m) (mod 2’+ ‘) if N(e(2m)) = 1, 
= -(tu+4)h(2m) (mod 2r+3) if N(e(2m)) = - 1. 
Remark that if N(e(2m))= - 1 then H(2m)z - tuh(2m) (mod 2”‘) by 
(4.9). In the case that p = ) 1 (mod 8) for any prime p 1 m, we see from (4.4) 
that H(2m)EO (mod2’+‘). Th ere ore, f in this case, if N(E(2m)) = - 1 then 
h(2m)zO (mod 2r+1) and hence H(2m)= -tuh(2m) (mod 2r+3). 
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For any prime p = 1 (mod 4) we know that N(.$p)) = - 1 and that 
N(c(2p))= -1 ifp-5 (mod 8). 
Applying the above computation and discussion to Theorems 3, 4 we 
deduce the following results. 
COROLLARY 1. Let T, U, t, u, g be as in (4.7) and let m =p be a prime. 
Put E = E(2p). 
(i) Zfp- 1 (mod 8) then 
h(-p)~TUh(p)+(p-1) 
h(-2P)ZN(&) tuh(2p)+(p-1) 
(ii) Ifp 5 3 (mod 8) then 
2h(-p)+-1)UTUh(p)+(p+5) 
h( -2p) = tuh(2p) + (p + 5) 
(iii) Ifp E 5 (mod 8) then 
h( -p) 5 3gTUh(p) + (p - 5) 
h(-2p)z -(tu+4)h(2p)+(p-5) 
(iv) Zfp z 7 (mod 8) then 
TUh(p) zp + 1 









COROLLARY 2. Let T, U, t, u, g be as in (4.7), and put E = E(2m). 
(i) We have 
h(-m)= +TUh(m) (mod 2r+1+6) if mz 1 (mod4), 
(l- f h(-m)= +TUh(m) (mod2’+‘+6) 
( >> 
if rn= -1 (mod4), 
h( -2m) = f tuh(2m) (mod 2r+1+6), 
where 6 = 1 or 0 according as every prime p dividing m satisfies 
p E + 1 (mod 8) or not. 
(ii) Zf there is a prime divisor q z 5 (mod 8) of m and ifp z 1 (mod 8) 
for any prime p dividing m/q, then 
h( -m) = -gTUh(m) (mod 2’+ ‘). 
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(iii) if p E 1 (mod 4) for any prime p dividing m then 
h(-2m)= - i N(E) tuh(2m) 
0 
(mod 2’+ ‘). 
(iv) Zf p - + 1 (mod 16) for any prime p dividing m, then 
(l+(G))h(-m)/2=TUh(m) (mod2’f3), 
h( -2m) = N(E) tuh(2m) (mod 2” 3). 
In the rest of this section we relate our congruences in Corollaries 1, 2 
to known ones. We first assume that p= 1 (mod 8) is a prime. 
Williams [ 133 proved that 
h(-p)=T+(p-1) (mod 16) if h( -p) =O (mod 8) 
=T+(p-1)+4(h(p)-1) (mod16) if h( -p) z 4 (mod 8). 
(4.10) 
Kaplan and Williams obtained (cf. [S, 61) that 
h(-2p)+;h+(Zp)+(p-l)=O (mod 16), (4.1 1) 
where S= u if N(~(2p)) = 1, S= 2tu if N(~(2p)) = - 1, and h+(2p) is the 
class number of Q((2p)“‘) in the narrow sense. We can reprove (4.10), 
(4.11) from Corollary 1 (i). In fact, since N(c(p)) = T2 - U”p = - 1, it holds 
that Tr 0 (mod 4) and U = 1 (mod 4). Hence 
h(-p)rTUh(p)+(p-l)=T+(p-l)+T(h(p)-1) (mod 16) 
from which (4.10) is derived. In order to show (4.11) it suffices to 
verify Sh+(2p)/2- -N(.s(2p)) tuh(2p) (mod 16). By (4.9) we have 
h(2p) ~0 (mod 2). In the case N(~(2p)) = 1, one knows h(2p)= h+(2p)/2 
and t + 1 = u - 0 (mod 2). Suppose u = 2 (mod 4). Then t2 - I= 2puz 
implies that 
t=~{(t-1)+(t+1))=~(4p”wZ+2p’-6(u/2w)Z)= -1 (mod 4) 
with w  E Z, w  ) u/2 and 6 = 0, 1. Thus it holds that either t - - 1 (mod 4) 
or u E 0 (mod 4). This gives uh+(2p)/2 E -tuh(2p) (mod 16). When 
N(c(2p))= -1, one has Sh+(2p)/2= tuh(2p) because h+(2p)= h(2p). 
For a prime p = 5 (mod 8) it was proved. (cf. [S, 73) that 
h( -PI = 3Th(p)/g (mod 16), (4.12) 
h(-2p)=2(u-1)+3th(2p)+(p-5) (mod 16). (4.13) 
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We assert that our results give another proofs of (4.12), (4.13). From 
N(s(p)) = - 1 we see that T= 2 (mod 4), U= 1 (mod 2), and 
p-5r(l-LP)p51-IP (mod 16). 
Every prime dividing U is congruent to 1 modulo 4 because pU2 = T2 + 1. 
Hence iJ= 1 (mod 4). Observing h(p) = 1 (mod 2) we compute 
WWp) + (P - 5) 
= 3gTh(p) + T( 1 - U) + (1 - U’) = 3Th(p)/g (mod 16). 
Thus Corollary 1 (iii) proves (4.12). Since N(e(2p))= -1, we know 
t z u z 1 (mod 2). Moreover 2pu* = t* + 1 implies u 3 1 (mod 4). By (4.3) 
we also see that 
H:(p, +, 8)+HZ,(p, IL, e)= -tuh(2p)+ EO (mod 4), 
which leads to h(2p) = 2 (mod 4). Hence 
-(tu+4)h(2p)={3t+(~-l)-(r+l)(u+3)}h(2p) 
s 2(u - 1) + 3th(2p) (mod 16) 
and (4.13) is deduced from Corollary 1 (iii). 
To describe a result of Lang and Schertz [ 1 l] we need a few more 
definitions. We put e, = 1 if iV(s(2m)) = 1 and e2 = 2 if N(s(2m)) = - 1, 
and write am*= (u2 +2~,(8m)‘/~)/2 with u2, u2 in E. In the case 
m = 1 (mod 4) we define e4 =g if N(c(m)) = 1 and e4 = 2g if N(c(m)) = - 1, 
and write e(m)e4 = (u4 + 4v,m”*)/2 with uq, u4 in Z. For each k= 2,4 we 
define the rational integer p(u,, ok) by 
P(w,)=~{($)-l}+v,(u,-3) 
=2(($2)-‘) 
if uk = 1 (mod 2), 
1 
i-&V, 
k*Wfm) 2 4 -1 > +5(u*-2) if vk - 0 (mod 2), 
where f = 2 if k = 2 and f = 1 if k = 4, and D( fm) means the discriminant 
of Q((fm)1'2). It was proved [ 11, Satz (3.4)] that 
W-2m) = Wm)tV2) p(u2, u2) (mod 2’+ I), (4.14) 
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and if m = 1 (mod 4) then 
3h(-m)rh(m) e4 ) w - P/m)) p(u, u4) (mod 27”)), (4.15) 
where z(r) = max(3, r + 1) or z(r) = r according as any prime p dividing m 
is congruent to 1 modulo 4 or not. We claim that (4.14) is equivalent to 
our congruence h( -2m) = tuh(2m) (mod 2’+ ’ ) in Corollary 2 (i). It suffices 
to verify (2/ez) p(u,, u2) s - tu (mod 4) because h( - 2m) = h(2m) s 0 
(mod2’-‘). In the case N(s(2m))=l, since r+l rurO(mod2), uZ=2t, 
and o2 = u/2, it is seen that 2p(u,, 02) = -rtu (mod 4). When 
N(E(2m)) = - 1, one has t = u = 1 (mod 2) u2 = 2(t* + 2u’m), and a2 = tu. 
Hence p(u,, 02) E tu(u, - 3) E - tu (mod 4). This proves our claim. Next let 
m = 1 (mod 4). We first exclude the case r = 1. If N(E(m)) = 1 then 
U = 0 (mod 4), uq = 2T, and vq = U/2. If N(&(m)) = - 1 then TE 0 (mod 2), 
uq = 2( T’ + U*m), and v., = TU. In any case we compute (2/e,) p(u,, v4) = 
- TU (mod 4). Thus, recalling that h( -m) E 0 (mod 2’~ I), h(m) = 0 
(mod 2’- ‘), and that h(m) r0 (mod 2r-‘) when any prime dividing m is 
congruent to 1 modulo 4, we rewrite (4.15) as h( -m) = TUh(m) 
(mod 2”“), which is contained in Corollary 2 (i). When m =p E 1 (mod 4) 
is a prime, it follows that N(q(p)) = T* - U’p = - 1. Therefore TrO 
(mod 2) U= 1 (mod 4) and 
This implies (2/e,) p(uq, uq) = TU{2( T* + U*m) - 3)/g = -gTU (mod 8). 
Hence, in this case, (4.15) can be expressible as h( -p) E -gTUh(p) 
(mod 81, which is again deduced from Corollary 1 (i, iii) because 
TrO (mod 4) if p= 1 (mod 8). We note that Lang and Schertz also 
obtained a congruence between h( -m) and h(m) when m 3 - 1 (mod 4) 
(cf. [ 11, Satz (3.4)]). However it seems to be impossible to derive this 
congruence from our results. 
We now assume that p = 1 (mod 8) for any prime p dividing m. It is seen 
that U~O(mod4) if N(s(m))=l and T~O(mod4) if N(&(m))= -1. By 
(4.9) and (i) in Corollary 2 we see 
h( -4m) - U/z(m) (mod 2r+2) if P/(&(m)) = 1, 
= T/z(m) (mod 2r+2) if N(E(m))= -1. (4.16) 
On the other hand it was proved by Lang [lo] that 
h( -4m) z v(m) h(m) (mod 2’+‘), (4.17) 
where v(m)= U+2(T- 1) or T according as N(&(m))= 1 or - 1. 
392 TSUYOSHI UEHARA 
Suppose N(&(m)) = 1 and write U= 2’V with i> 2, (2, V) = 1. Since 
(T+ 1, T- 1)=2 and T*- 1 = 22’V2m, one has T+ 1=2’V:m, and 
T-l=2kVim2, where j,k, V,, V2,m,,m2EZ,j+k=2i, V,Vz=V and 
m1m2 = m. Clearly eitherj= 1 or k = 1. Moreover from our assumption we 
see m, =m, = 1 (mod 8). This implies TE 2 + 1 (mod 8). Observing 
T* s T*- U2m 3 1 (mod 16) we get Tr 1 (mod 8). Consequently our 
congruence (4.16) coincides with (4.17). 
We finally treat the congruence in Corollary 2 (iii). In the case N(E) = 1, 
since u=O (mod 2) and h(2m)=O (mod 2’), it holds that tuh(2m)r 
-tuh(2m) (mod 2’+*). H ence the right-hand side of the congruence in 
Corollary 2 (iii) can be rewritten as (2/m) tuh(2m), and the assertion (iii) is 
therefore equivalent to Hikita’s result [4]. 
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